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Propagation of an unsteady combustion wave in an inhomogeneous unsteady
gaseous medium with slowly varying parameters is investigated . Distribution
of reagent concentration and of temperature in the system is assumed to be
similar. Equations defining the evolution of a three-dimensional combustion
wave are derived, and a number of examples is considered.

The classical problem of the theory of combustion is that of steady propagation of
a combustion wave in a homogeneous medium [1]. However in a number of cases the
distribution of thermophysical properties of the medium depends not only on coordinates
but,also,on time, The propagation of a combustion wave is then unsteady and may be
accompanied by flame front distortions,

To study the effect of time and space inhomogeneities on the combustion wave we
shall consider the propagation of a steady reaction wave in a medium whose thermo-
physical parameters are variable. For the analytical investigation of this problem we
assume that these inhomogeneities vary substantially in space and time intervals O (g7%)
that are considerable in comparison with the scales of the heat layer characteristic
thickness % /u. and its characteristic rearrangement time (x/ us?) , respectively , In
these expressions » is the thermal dissipativity of gas, us: is the steady propagation
rate of the combustion wave,and 0 <& «€ 1 is a small dimensionless parameter that
defines the variation rate of thermophysical parameters, We assume that variation of
the medium properties can be of the order of (0.1).

Interaction between an acoustic wave and a combustion wave can be cited as an
example , taking into account that in real systems the acoustic wave length A may con-
siderably exceed the thickness of the steady heat layer,so that basic variations of tem-
perature and concentration take place in a pressure field that is uniform in space and
depends on time, The following relationships must then be satisfied:

do ~ A > nlug (0.1)

where ¢ is the speed of sound and © is the acoustic wave frequency.

The results of the present investigation can be applied for defining the interaction
between a combustion wave and a sonic wave of fairly low fequency for which the fol-
lowing relationship is valid

oLul/x (0.2)
Note that for the characteristic values uy = 102 ¢m, x = 10~1 cm 2/sec, ¢ =
105 c¢m /sec and ®/ug; = 10~® cm inequality (0. 1) is valid when o <€ 10% Hz, while

inequality (0.2 ) holds when ® <€ 105 Hz, Thus the investigation covers a fairly wide
range of frequencies,
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Unsteady propagation of the combustion wave 413

A model problem of combustion wave propagation in gas for which the Lewis num-
ber is unity is considered below, It is shown that in many cases distortion of the wave
profile may be apparent already in the zero approximation with respect to &. Varia-
tion of the temperature field in time and space, as well as the velocity of motion of
isothermal surfaces are determined,

1, Basic equations., The model problem of unsteady wave propagation in a
medium may be defined on a number of assumptions by the following demensionless
equation :

a8 268 3'8 928
= =375 + 375 + o + (0, 2,9,2) F(8) (.1)

where @ is the temperature; X, Y, and Z are space coordinates; z = Xeg, y = Ye,
z = Ze, 1=¢t, and 0<eg<C1; function f defines temporal and spatial inhomo-
geneities { f=1 when t=0 ); F (O) isa nonlinear function that defines the.
dependence of the heat release rate on temperature, In what follows we assume that
f= 0.
The quantities % / u,* and x / u; are taken as the scales of time and space
variables, respectively.
Usually
0O, FO=F(1)=0 (1.2)

It is assumed that when £ << O a stable steady combustion wave propagates in the
gas along the axis X (f = 1).
Then for £ < ( we have

d%p dp .
5ot g FF@=0 (1.3)
@ (—o0) =1, @(+oo)=0 (1.4)

(X, t)y=9(s), s=X—1
It was shown in [2, 3] that the problem (1.3), (1.4) has a solution when
F'(0)>0, F'(1)>0 0=10,a), FO®) >0 (1.5)

8= (0,1, FO)0; o<ax!
or under conditions [4 ]

FF(0)<0; 610, a), FO<O0 (1.6)

1
Oc(a), FO)>0; o<a<t; \F(0)dO>0
and also when [5] °
8cl0,8l, FB®)=0;, 861§, 1) (LD
F(®)>0; o<t
For the analysis it is important to know the asymptotics of @ (s) whens— 4 oo.

1t follows from (1,5) —(1.7) and (1.3) that ¢ {s— + oo) == O (exp (—as)),
a> 1. Hence the integrals (1.8)
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+o 00

L=S(%$ﬁﬁ;h=gb%ﬁwa (1.8)

which appear subsequently , do exist.
In a number of cases integrals 1 and /2 can be approximately estimated. Thus

often in the theory of combustion function F (@ (s)) ~ O (1) only in the interval
considerably smaller than unity, while for the other values ¢ — | F (9) | << 1.
Hence the approximation [6]

¢ (s) =

—$

1, s<0
{e s>0

seems fairly reasonable, The quantity J = [,~/, that appears subsequently is appro-
imately

r=14+o0()

Usually the solution of (1.3), (1.4) in closed form is not known, However app -
roximate methods can be used in many cases for the determination of @ (s) . Thus
for function F (@) ~ (1 — ©)*exp (B (6 — 1)) (B > 1) typical in the theory of
combustion , it is possible to use methods of matching asymptotic expansions [7, 8],
Note that the presence of two small parameters 7' << 1 and & << 1 does not lead
to an inconsistency of respective expansions, since expansions in g-1 are formed in
region X ~ O (ﬁ-l),whﬂe those in g are obtained in X ~ O (3‘1)_

For Eq. (1.1) we have the following boundary conditions:

X=—00, O(—00, Y, Z, t) =1 (1.9)
X = + 00, O(+00, Y, Z t)=0.

For a finite X the solution of (1, 1) must be bounded for any Y, Z, and t.
The initial condition for (1. 1) is of the form

0 (X, Y, Z, 0) = ¢ (X) (1.10)

2., The method of solution., We seek a solution of (1,1),(1.9),(1.10)
of the form

O((X,Y,Z, t; &) = O;(m, x, ¥, 2. ) 4+ 0,1, 2, ¥, 2, T) + ... (2.1)

assuming that expansion (2. 1) is uniformly valid, i.e. that 0,/ ©,= O (1) for all
(x, ¥, z, 1), where

W= By, g e)eT Eos B (g, 20+ ebi(@ y 2D L (202)

A similar method was used in [ 9] for obtaining solutions of nonlinear equations of
the hyperbolic type and for determining the shape of solitary waves (soletones) over
floor of varying shape [10]. The described method was also used in a number of other
investigations [ 11,12 ], Passing frcro variables (X, Y, Z, {)to(n, x, y, z, T)by formulas
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2 3 o
0X? + Y2 + aZ2 |V§ 12 67]2 (2.3)
a
e (2(AgV) 5+ VE '67) + e2V?
a 5 a
o =8 61: + 5 B (2.4)

where V and V? are operatorsin r (r = (z, y, 2)) .

Substituting (2.1), (2.3),2and (2.4) into (1, 1) and equating terms with like powers
of e, for the first two terms of expansion (2, 1) we have

T 4 S 2

S (1) F (89 = 0 (25)

2 8 ar (6,
Ve P ot — G2 ot p2(r, ) 220 6,

(V§0V) 090 —V2§0 68(,

9%, 90
2 (VEoVﬁl)-;;ﬁz" - ‘% -

(2.6)
ae(,

We agsume thatsolutions of Egs. (2, 5) and (2, 6 ) satisfy boundary conditions (1.9),1, e,

@0 (— 0o, T, T) = 1, @0 (‘1‘00. T, ‘L') = O

(2.7)
91(_007"’17):0’ @1(+w’r’T):O

(2.8)
Equation (2, 5) formally conforms tothe equation that defines the steady combustion

wave (1,3),(1.4). The solution of Eq, (2,5) is of the form

8, (m, v, D =Y(|VE&| ™M +a (2.9)
where @ = a (r, 1) isanarbitrary function and function ¥ (s) satisfies the equation
0o - -
DY VI (P =0, V= — 7 VE
¥ (—o0) =1, ¥ (+ o0)=0

The equation for &p (r, T) of the form V = 1 with ¥ (s) = @ (s) follows
from (1.3) and (1.4 ), From this we have

2,10
-g_iq—:—flvvéOL Eo(l‘,O):x ( )

For determining function a (r, 1) we shall analyze Eq. (2.6). First of all we note
that owing to the dependence of function ¥ on the combination f|V &,| "1 n -+
a(e, ) i

in (2.9),function &, (r, T) can be assumed, without loss of generality,
equal zero, In what follows we assume §, = 0

Equation (2, 6 ) is linear with respect to @, and is a variational equation relative
to Eq. (2.5), From the Poincaré 's theorem [ 13, 14 ] follows that the fundamental
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solutions of Eq.(2, 6) is represented by functions
a a
Y =57PM+4,B), 1(n)= 550N+ 4,B)

where @ (1 + A, B) is the general solution of (2.5),and 4 and B are arbitrary
functions of r and T. It follows from this and Eq, (2, 9) that the solution of the homo-
geneous equation (2, 6 ) with conditions (2, 8) is proportional to 889 / dn. Since the
solution ¥ (7)) does not satisfy boundary conditions, i,e, it does not vanish at both
ends of the interval 1 —~ — 00 to M -»> - oo, hence for solving the inhomogegeous
boundary value problem the right-hand side of (2, 6) must be orthogonal with weight

exp (— | V& ['™080 / 07) to function 98,/ dn which is the solution of the
homogeneous boundary value problem [15], i.e. to the solution of the homogeneous
equation conjugate of (2,6), Then

~+o0
39 a8 96,
| Fen (o — 2(VeW) S — vig, D) an = 0
g(r,7) = — | Vg |2,/ Ot
Taking into account that
08y 8a \ dg
= (Tt o)
VEWV) 2o _ (vg,v *o
(VEo¥) 5= = (VEo g)w -+ (g (V&oVg) + £ (VEVa)) o
8, de
797]0— =84
we obtain the orthogonality condition of the form
o0
: dp ( dg dg da de . (2.11)
\ e {5 (55 + ) — 27 (V&Ve)

—00

£ d
2 L (n(VEY) 4 + (VEoVa) — Vihog 52} dn = 0

Passing in (2.11) from the variable %) to s by formula 1 = (s — a)/g and in-
troducing the new unknown function 4 (r, T)

a(r, ) =g(r, DA 1)
we obtain

00

WEIOR T ae d
Ar S (—ds—-) e dS—‘ZgVE()VA S TS_‘dﬁ e d3+ (2.12)
—O0 ) +w —0 +‘“’ ‘
g2\ o () sds —2e (VW) g | e () s —

oo oo

26 (VEaV) g | & S TF sds— Vi, | (FE) erds =0

—_ Y —
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Assuming the existence of integrals appearing in (2.12) and integrating by parts,
we obtain

3:%%‘"0’3=-%11, 11:+S”ea(:_:p)ads (2.13)
jS w g de = () e -

"{S:(%)ze*{i F8)ds = — (1,4 1)
e Sl

where [y and 7, are constants,
From (2.12) and {2, 13 ) we have

Actg(VEV) A+ g2 28 [ 4 g1 (VEV) g (T — 1) —
V3o =0, I = [,],7!

As an example of application of the obtained results we consider the case of

{2.14)

f@x, ©t)y =1 (1)
in which from (2.9), {2.10), and {2, 14 ) we have
k1
¢ 2,15
go:xwxw(r’)d'r’, a=1I(1—y() ( )
0

O = @(p(r) e (z— pdv) + 1 (1 —(x))

3, Discussion of results, The first approximation of the solution of the un-
steady problem (1,1}, (1,9), and (1,.10) was derived in Sect, 2,

The most important characteristic of a combustion wave is the propagation rate of
isothermal surfaces. In the steady state (f = 1) the velocity of motion of all  iso-
thermal surfaces is the same and constant, In the case of nonconstant function, velocity
may be determined as implied by (2, 9), by formula

f(x, T)IVEOI—I Ey (t‘, ) =B (3.1)

where B is a constant dependent of the temperature of isothermal surfaces,

It was pointed out in [ 12 ] that the solution derived by the method used in this work
effectively defines the pattern of temperature distribution only in some neighborhood of
the front, while a fair distance from the latter that solution is inadequate, Hence in what
follows it is assumed that everywhere B = O (g).

Differentiating (3. 1) with respect to ¢ we obtain
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dr B
V= (T)
where 7p () is the solution of Eq, (3.1).
Note that it is possible to attempt to obtain a solution of the problem (1,1),(1.9),

(1.10) by a different method based on the slow variation of function f (r, T). Assuming
that fis fixed we obtain a solution of the problem of the form

0 =¢(flz—1)e) (3.2)

The inapplicability of this formula can be readily demonstrated, Let us, for instance,
consider f (r, 1) = @ (r) and @ (r) = O (1). The propagation rate of the iso-
therm @ (’r)(x—rCD (t)) = B is then

dz [/ dv = @ () + vd®D / dv + O (e) (3.3)

When 17— oo and d® / dr = O (1) the wave propagation velocity approaches
infinity , which is evidently false,
In the considered case from (2, 15) and (3.1) we have

v=(.,00), v,=®a(@) 4 0 (e) (3.4)

which shows that when T — oo the velocity remains constant and d® / dv = O (1).
Note that in transient modes in @ (4 o0) = P, = const both solutions (3.3)
and (3.8) when f(r, ) = @ (1) and ¢ — .1 oo define the steady solution ¢ (D,
(.l' - T¢)+)8_1),
In the general case the propagation velocity of the isothermal surface is normal to
f (r, t) and does not conform to the direction calculated by the " quasi~steady” formula

f (x — tf) = const

Note that Eq, (2.10) derived in Sect. 2 can also be used for obtaining approximate
solutions of other similar problems such as, for instance, the description of the evolution
of a stable combustion wave penetrating a region with variable thermophysical para -
meters, In that case it is necessary that conditions §, (r, v) = z whenZ —> — oo,

In the more general case when the transport coefficients depend on r and T instead
of (1,1) we have

ea(r, 1)00 /0t =2V (b(r, 1) VO) + % (t, r) ¥ (O)
b>0, a>0
Then, instead of (2, 9) and (2,10) we obtain

O, =@ (cb™| & |t + a),
08y / 01 = — ca b2 | V|

The proposed treatment is also suitable in the case of explicit dependence of F
on rand T,
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